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A Molecular Mean Field Model for a 
Rectangular to Hexagonal Phase Transition 
in Discotic Liquid Crystals 
D. GHOSE,t T. R. BOSE,S C. D. MUKHERJEE,§ M. K. ROY and M. SAHA 
Department of Physics, Calcutta University, 92, A. P. C. Road, Calcutta-700009, India 

(Received April 18, 1988; in final form January 9, 1989) 

A mean field model for a rectangular columnar to hexagonal columnar phase transition, assuming that 
the molecules are biaxial in both the phases, is presented. The theory is developed for a face centered 
rectangular lattice taking the molecular cores to be tilted in a particular direction with respect to the 
column axis by the same angle at each lattice site. Phase diagrams for a homologous series for two 
values of biaxiality parameter are presented. With increasing temperature a phase sequence rectangular- 
hexagonal-nematic-isotropic is found for shorter members while for higher members of a homologous 
series the nematic phase is absent in the calculated phase sequence. 

Keywords: discotic phase, biuxial mean field 

1. INTRODUCTION 

A. CIassification of phases 

The majority of the discotic liquid crystals so far discovered are of columnar (D) 
type, in which the disc like molecules are stacked one on top of the other: Various 
columnar mesophases are classified according to the two dimensional arrangement 
of the columns e.g. hexagonal (Dhd) ,  rectangular (Drd)  etc. While the initial suffix 
specifies the type of lattice, the second suffix “d” indicates a disordered stacking 
in a column. The rectangular phase is further subclassified’ according to the space 
group symmetry of the lattice namely Drd(P2,1a), Drd(P210), Drd(CZlm) [Figure 11. It is 
important to note that in all the rectangular varieties’ the average molecular plane 
is not perpendicular to column axis. In Drd(P2ilaf phase the tilted molecules forms 
a “herring bone” arrangement as observed in HAT s e r i e ~ . ~ . ~  The Drd(C2,nl) phase 
is often referred as D, phase in many  paper^.^,^,^ For the sake of brevity we shall 
drop the second suffix “d”  in our subsequent discussions. 

tPermanent Address: R. K. Mission Vidyamandira, Belur Math, Howrah, West Bengal. 
$Permanent Address: Scottish Church College, Calcutta. 
$Present Address: Saha Institute of Nuclear Physics, 92, A.P.C. Road, Calcutta-700009. 
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18 D. GHOSE et al. 

a b C 
FIGURE 1 Three different types of two dimensional rectangular lattices (a) Drd,P1,,,,,r (b) D,cl,P2,.i). 

(c) Drd(CZi rn ) .  

Very few samples actually exhibit discotic nematic (ND) phase, which is an 
orientationally ordered arrangement of the discs with no long range translational 
order. Clearly the ND and Dh phases are uniaxial while all the D, phases are biaxial. 

B. Experimental situation 

Amongst the various discotic liquid crystals, some exhibit only a single type of 
mesophase but many are polymorphic in character. To give an idea, we cite a few 
typical examples in which biaxial columnar phases are involved. 

I) Hexa-n-alkanoates of Benzene (HAB).6,7 This substance (for n = 6,7,8) 
undergoes the phase sequence K + Dr(CZ,m) + I with increase in temperature. The 
tilt angle measured by optical methods8 is of the order of -35". If the molecules 
are regarded as thin rigid discs, all tilted by -35" in the same direction, the lattice 
will be appreciably distorted from hexagonal type which is not corroborated by X- 
ray measurements.' This anomaly can be resolved if it is assumed that the benzene 
core (which is approximately about one third of the whole molecule) is only tilted 
with respect to columnar axis, but the aliphatic side chains are quite flexible and 
not necessarily tilted. 

2)  Hexa alkoxy benzoates of triphenylene (HBT).3.4 This is one of the very few 
series in which the ND phase is observed. With increasing temperature this series 
shows the following phase sequence: 

K + N D + I  for n = 4, 5 and 7 

As observed by X-ray measurements,' the deviation from hexagonal lattice is not 
so large in Dr(PZlln) phase (for n = 11, bla = 1.59 as compared to 1.73 for ideal 
hexagonal lattice), ( b  and a defined in Figure 3(a)) but quite appreciable in 
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MEAN FIELD MODEL FOR DISCOTIC TRANSITIONS 19 

80 
6 8 10 12 

n 
FIGURE 2 Experimental phase diagram of HAT series. Transition temperature (T) in "C is plottcd 
against number of carbon atom (n) in the alkyl chain of HAT. [I = Isotropic, D, = rectangular 
columnar, D, = hexagonal columnar. 

Dr(C2/m) phase (for n = 6, b/a = 1.081; tilt angle -55"). Various theoretical 
attempts"~'O~ll have been made to explain this homologous series behavior by ex- 
tending McMillan's theory12 of smectic ordering to a two-dimensionally periodic 
lattice. 

3) Hexa-n-alkanoates of Triphenylene (HA T).2*3 In this series mesomorphic 
polymorphism is observed among columnar discotics for long alkyl chain length as 
shown in the phase diagram (Figure 2). There is direct D,(p2,,a)-I transition for 
short alkyl chain lengths (n = 6 to 9). For long alkyl chain lengths (n  = 10 to 13) 
there are Dr(P2,/a)-Dh-I transitions also. 

Here also the deviation of rectangular lattice (bla = 1.7) from hexagonal lattice 
is quite small as found by X-ray rneasurement~ ,~J~  though optical micro~copy'~ 
reveals -28" tilt of the optic axis with respect to columnar axis in rectangular (Dr) 
phase. Thus it was suggested13 that only the central core is tilted but the flexible 
aliphatic side chains need not be tilted. Moreover it is found that the molecular 
tilt angle remains finite in the hexagonal phase (Dh) also. From these observations 
theyI3 proposed that the D,-D, phase transition is characterized primarily by the 
onset of the intercolumn ordering of the molecular tilt angle about the columnar 
axis. 

C. Earlier theoretical models 

The first theoretical mean field model for the biaxial rectangular discotic phase 
(D,) was proposed by S .  Chandrasekhar et aL5 This is essentially an extension of 
McMillan's model1* of smectic ordering to a face-centered rectangular lattice com- 
posed of liquid like columns. They assumed that the molecular cores are circular 
discs normal to the columnar axes, but with an asymmetrical disposition of the 
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20 D. GHOSE et a/. 

1 

I ’  

FIGURE 3 
unit cell. (b) Reciprocal lattice vectors of the FCR lattice. 

(a) Face centered rectangular (FCR) lattice of the D, phase. The dotted region shows the 

chains. When the 6fa ratio (defined in Figure 3(a)) of the face centered rectangular 
(F.C.R.) lattice departs slightly from G, the calculated phase diagram is similar 
to the hexagonal case, i.e. the transitions from the D, to isotropic (I) phase may 
take place either directly or via a N, phase, depending on the length parameter 
“a”. For values of (Ha) slightly higher than fi the theory predicts a D,-SA 
(Smectic A) transition as well. In this model the D,-Dh transitions are not however 
reproduced. 

II. PRESENT MODEL 

We have developed our model considering three important experimental obser- 
vations: 

1. Optical micro~copy~.’~ suggests that the average molecular plane is not per- 

2. X-ray  measurement^^.^.'^ give relatively small deviation of rectangular lattice 

3. Molecular tilt angle remains finite13 even in the D, phase. 

Out of the three types of molecular arrangements mentioned earlier we have 
restricted ourselves, for the sake of simplicity, to Dr(CZlm) alone. In this phase the 
molecular cores are tilted in a particular direction with respect to the column axis 
by the same angle at each lattice site. The extension of the model to explicitly take 
into account the herring bone arrangement (Dr(P21,aJ or the Dr(P2ia) phase is quite 
difficult and even if it is possible it will result in a very large number of order 
parameters as well as free  parameter^.^ The structure we have taken up has the 
least number of free parameter (only the tilt angle of molecular core) and that is 
also seen to involve a sizable amount of computation. In other words, the rectan- 
gular phase we discuss here is a Dr(C2/m) phase which will henceforth be referred 
to as D, phase. 

With the above considerations we thus assume the disc-like molecule basically 
as a biaxial object whose central core is tilted only, but flexible aliphatic side chains 
are extended in a plane perpendicular to the columnar axis. The tilt angle of the 
central core is considered as a measure of the biaxiality and taken constant for all 
the members of the homologous series. Though the central core remains tilted 

pendicular to columnar axis for the D, phase. 

from hexagonal lattice. 
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MEAN FIELD MODEL FOR DISCOTIC TRANSITIONS 21 

even in D, phase, the uniaxiality of the phase can be achieved if we consider that 
the tilted molecule is rotating about the columnar axis. 

A. Pair potential 

The anisotropic intermolecular potential between two biaxial objects can be 
expanded15 in a complete set of functions of the Euler angles f i ( @ , O , + ) ,  which 
specify the orientations of the molecules with respect to space-fixed co-ordinate 
axes and functions of intermolecular distance rI2. This can be expressedL6 as 

where Q,(fi)'s are the molecular moments with respect to space fixed co-ordinate 
axes and these can be expressed in terms of molecular multipolar moments 
(Q;,J with respect to the molecular axes. 

where, DL,, (fi) are the elements of the representation of the rotation group.I7 
J(r12) is the space dependent part of the interaction potential. 
For centrosymmetric molecules, terms with odd values of 1 will not occur in the 

Equation (1). So to develop a mean field model of liquid crystal composed of 
centrosymmetric molecules, in the lowest order approximation, we shall restrict 
only to 1 = 2 terms. u2 is absorbed in J(rI2). 

From the molecular shape of any biaxial object, we can always choose the 
principal axes of molecules so that 

Q h  f 0 and real. 

a;,* = # 0 and real. 

This last term is zero for axially symmetric molecules. So we require only two 
independent parameters to describe these molecules. For convenience let us assume 

I 

where 5 is a molecular parameter representing the biaxiality of the molecule. In 
our model, we have phenomenologically assumed 6 as the tilt angle of the central 
core of the disc-like molecules with respect to the director (z-axis). This 5 is assumed 
to be constant for all the members of the homologous series. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
01

 1
9 

Fe
br

ua
ry

 2
01

3 



22 D. GHOSE el al. 

B. Mean field 

The mean field for the pair potential (1) can be obtained by averaging V,, for all 
positions of the second particle. So 

where, f(r ,  fi) is the distribution function given by 

f(r, fi) = exp { - Vl(r, 6)/kT}/Z; ( 5 )  

Z is the partition function. 
The local orientational order parameters are defined as 

Due to the symmetry of the problem, we can suitably choose the laboratory frame 
of reference so that 

(Q2.2 1 (6)) = 0 

(Q2,o (6)) f 0 ,  real ] (7) 

(Q2,, (fiN = (Qz,-2(6)> f 0, real 

Thus, for the expansion of Q2,m(6)'s we require only four rotation matrices 
DFA, D$, DfA and Dfi. Putting the values of rotation matrices17 in Equation (2), 
we get 

Sin28 . Cos 24, Q2,0 (6) = Q Cos 5 - P2 (Cos 0) + Sin 5 . - fl [ 2 
= Q * FI(0,4,) say 

and 

= fl.Q - s i n 2 8 ~ c o s 2 + ~ c o s ~  + sin~{cos2@-cos2$ [Y 
(9) 

1 x (( 1 + c0s28)/2) - sin 24, sin 24 . cos e} 

= @Q.F2(@,8,$)say 
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MEAN FIELD MODEL FOR DISCOTIC TRANSITIONS 23 

To describe the biaxial phase two orientational order parameters are sufficient 
and defined as 

and 

In uniaxial phase the last term vanishes due to symmetry. 
In D, phase, the liquid like columns form a face centered rectangular lattice 

(FCR) as shown in Figure 3(a). Corresponding reciprocal lattice vectors (Figure 
3(b)) are given by 

A = 27r (k + L) 
i *  

B =   IT (- ; + k) 
4Tj 

C = A + B = -  b 

Since the distribution function is also periodic having the periodicity of the lattice, 
it can be expanded in a Fourier series. In lowest order Fourier expansion it can 
be expressed as 

f(r) = fo + 2 [f,{Cos(A * r) + Cos(B - r)} + f2 Cos(C - r)] (13) 

where fo, fi and f 2  are Fourier coefficients. 

potential as 
In our model, we have assumed the space dependent part of the interaction 

where vo is a constant, ro is the range of interaction and assumed to be of the order 
of core size. 

Following standard procedure, we can arrive at the mean field 

+ a,a,Cos(C.r)}F,(€J,@) + {qb + a,a~(Cos(A.r) + Cos(B.r)) (15) 
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24 D. GHOSE et al. 

where v is the modified strength of interaction involving vo and few other constants 
like Q2, r,, T etc. R, is the reduced diameter of the molecule and given by R, = 
d/ro, where d is the molecular diameter. The l/R? term” in Equation (15) comes 
from the presence of n in the mean field (Equation (4)). n = n, . ny - n;, where 
n,, ny, n, are linear densities of molecules in x ,  y and z direction respectively. 12; 

remains more or less constant for all members of a homologous series, but 

a1 is the length parameter associated with density waves along A and B, ci2 is 
the length parameter along C. Utilizing Equation (14), we have 

I 
In hexagonal phase for compact packing of circular discs (Figure 4(a)) u = d ,  
b = f l d .  So 

ci = a1 = a2 = 2 - e x p  3 d 2  

a = 2 * exp [-13.16/Rt] (17) 

In rectatngular phase, we have assumed that core of each molecule is tilted about 
the “b” axis by the same angle 5. Therefore, the projection of molecule in x-y 
plane is somewhat elliptic in nature (Figure 4(b)), whose long and short axes are 
d and ( d  - r, (1 - cos 5)) respectively. For compact arrangements of tilted 
molecules in F.C.R. lattice (Figure 4(c)), 

u = d - ro(l - cos c ) ,  b = fi d .  

Thus 

1 
cil = 2 - e x p  -rr2 - [ (3;; i- (R, - (1 - cos 5))’ 

a2 = ci = 2 exp( - 13.16/R[) J 
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MEAN FIELD MODEL FOR DISCOTIC TRANSITIONS 25 

b/a > fl 
FIGURE 4 (a) Packing of molecules in D, phase. (b) Tilted core of the molecule. (c) Packing of 
molecules in D, phase. 
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26 D. GHOSE et al. 

The various order parameters are defined as 

-il = (Fl(0,@)> 

q b  = (F2(@70,+)) 

1 
2 ul = - ({cos(A . r) + cos(B . r)} Fl(O,@)) 

u! = ({cos(A * r) + cos(B * r)} F2(@,0,+)) 

u2 = (cos(C * r) F,(0,@)) 

u$ = (cos(C . r) F2(@,0,+)) 

2 

where the angular brackets ( ) represent a statistical average defined as 

(F(r, 8)) = ln dr d 8  * F(r, fi) f(r, 8)  

The r integration runs over primitive cell of the two dimensional F.C.R. lattice. 
f(r,fi) is the normalized distribution function defined in Equation (5 ) .  Correspond- 

t *01 

I OF! I I Z I ,  

3.2 3.6 4.0 4.4 
RL - RL - 

(a) for sin[ = 0.4; (b) for sin6 = 0.3. 

FIGURE 5 Phase diagrams reproduced by the present theory. Reduced transition temperature ( t  = 
kTh) is plotted against reduced diameter R,. &-N, and Dh-I transition temperatures for uniaxial 
molecule are shown by dashed line. 
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MEAN FIELD MODEL FOR DISCOTIC TRANSITIONS 27 

ing free energy F is given by 

V - -  F - -(I$ + qg + 2a,uT + a , ~ ~  + 2a,u~* + a,~$*) - In Z (21) 
MtT 2kT 

The self-consistency Equations (19) are solved by an iterative method. There 

1) q # 0, r)b # 0, u1 # a, # 0, of # u$ f 0 D, phase. 
2) q # 0, u1 = u2 # 0; T b  = at; = u4 = 0 D, phase. 
3) -q # 0, qb # 0, u1 = a, = I$ = u; = 0 Biaxial nematic phase. 
4) # 0, qb = 0, u1 = u, = at; = u: = 0 N D  phase. 

are four possible solutions to the equations: 

The stability of a particular phase is ascertained by the minima of free energy of 
that particular phase. 

111. RESULTS 
The phase diagrams for two values of biaxial parameter sin6 = 0.4 and 0.3 are 
shown in Figure 5(a) and (b), where reduced transition temperature ( t  = kT/v) is 

-011 -012 -013 -014 
tor-otl t 

FIGURE 6 Variation of order parameters near D,-D, transition (for sinE = 0.4, R, = 3.54). 
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28 D. GHOSE ef at. 

Y 
3 
L 
0 
I 

0 
v) 
4 

h 

3-0 3. I 3.8 4.2 
RL-- 

FIGURE 7 Molar transition entropy AS at D,-D, transition is plotted against R ,  (for sin( = 0.4). 

plotted against the reduced diameter RL. For low RL (RL < 3.72) in the sine = 
0.4 case, there is I-ND-D,-D, transition with decrease in temperature, but above 
RL > 3.72, there is I-D,-D, transition. The latter phase sequence resembles the 
results experimentally obtained for HAT series (Figure 2), if one ignores the dif- 
ference between D, (C2/m) and D, (P2Ja). For sine = 0.3, the phase diagram is 
qualitatively similar but the range of Dh increases considerably. This depression of 
D,-D, transition temperature is quite understandable as the difference between 
D, and Dh phases narrows down with a lowering of biaxiality parameter. So far as 
we know this is the first time that I-D,-D, phase transition for disc-like liquid 
crystal are reproduced within the framework of molecular meanfield model. The 
variation of various order parameters with temperature are shown in Figure 6. The 
molar transition entropy at D,-Dh transition is found to decrease with increase in 
RL as shown in Figure 7. 

It should be pointed out that the existence of the D, phase and D,-D, phase 
transition can only be reproduced if a finite tilt angle is assumed for both the D, 
and D, phases as observed by Safinya et al.I3 We have obtained the phase diagram 
assuming the tilt angle to be the same in D,, D,  and N D  phases. However, the tilt 
angle is likely to decrease with increase in temperature. If we assume that the tilt 
angle tends to zero near about Dh-ND or D,-Z transition the calculated D,,-ND 
or Dh-I transition temperatures are shifted upwards (as shown by dashed line in 
Figure 5(a) and (b)). We have further assumed, for the sake of simplicity, same 
tilt angle for all the members of a homologous series. It is quite likely that this tilt 
angle will change from member to member. The effect of a change in tilt angle 
can be inferred from the phase diagrams for two values of biaxiality parameter 
(which is directly related to the tilt angle in our model). It is evident from these 
diagrams (Figure 5(a) and Figure 5(b)) that if the biaxiality parameter, i.e., the 
tilt angle is reduced, the Dh region broadens. 
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MEAN FIELD MODEL FOR DISCOTIC TRANSITIONS 29 

Finally, we wish to emphasize again that this model in its present form cannot 
take into consideration the herringbone arrangement of molecules as observed in 
HAT series (the reason for which has been briefly discussed in the text). However 
there exist rnodelsl8 based on Landau theory, developed by Y. F. Sun and J. Swift, 
in which the herringbone arrangement of tilted molecules are taken into account. 

Acknowledgment 

The use of IRIS-80 at VECC, Calcutta is thankfully acknowledged. 

References 

1. C. Destrade, P. Foucher, H. Gasparoux, N. H. Tinh, A. M. Levelut and J. Malthete, Mol. Cryst. 
Liq. Cryst., 106, 121 (1984). 

2. C. Destrade, M. C. Mondon and J. Malthete, J .  Phys. (France) Colloq. C3, Suppl. 4, 40, C3-17 
(1979); C. Destrade, M. C. Mondon and N. H. Tinh, Mol. Cryst. Liq. Cryst. Lett., 49,169 (1979). 

3. C. Destrade, N. H. Tinh, H. Gasparoux, J .  Malthete and A. M. Levelut, Mol. Cryst. Liq. Cryst., 
71, 111 (1981). 

4. N. H. Tinh, H. Gasparoux and C. Destrade, Mol. Cryst. Liq. Cryst., 68, 101 (1981). 
5. S. Chandrasekhar, K. L. Savithramma and N.  V. Madhusudana, Liquid Crystals and Ordered 

Fluids, Vol. 4, Ed. by A. C. Giffin and J. F. Johnson (Plenum, 1984), pp. 299-309. 
6. S. Chandrasekhar, B. K. Sadashiva and K. A. Suresh, Pramana, 9, 471 (1977). 
7. S. Chandrasekhar, B.  K. Sadashiva, K. A .  Suresh, N .  V. Madhusudana, S. Kumar, R. Shashidar 

8. F. C. Frank and S .  Chandrasekhar, J .  Phys. (France), 41, 1285 (1980). 
9. A. M. Levelut, F. Hardouin, H. Gasparoux, C. Destrade and N. H. Tinh, J .  Phys. (France), 42, 

and G. Venkatesh, J .  Phys. (France) Colloq. C3, Suppl. 4, 40, C3-120 (1979). 

147 (1981). 
10. G. E. Feldkamp, M. A. Handschy and N. A. Clark, Phys. Lett., 85A, 359 (1981). 
11. D. Ghose, T. R. Bose, C. D. Mukherjee, M. K. RoyandM. Saha, Mol. Cryst. Liq. Cryst., 138, 

379 (1986); D. Ghose, T. R. Bose, M. K. Roy, M. Saha and C .  D. Mukherjee, Mol. Cryst. Liq. 
Cryst., 154, 119 (1988). 

12. W. L. McMillan, Phys. Rev., A4, 1238 (1Y71). 
13. C. R. Safinya, K. S. Liang, W. A. Varady, N. A. Clark and C.  Anderson, Phys. Rev. Letr., 53, 

14. D. H. Vanwinkle and N. A. Clark, Phys. Rev. Lett., 48, 1407 (1982). 
15. M. J. Freiser, Mol. Cryst. Liq. Cryst., 14, 165 (1971). 
16. Mitsugu Matsushita, Mol. Cryst. Liq. Cryst., 68, 1 (1981). 
17. M. E. Rose, Elementary Theory of Angular Momentum, John Wiley and Sons. Inc. (1967). 
18. Y. F. Sun and J. Swift, J .  Phys. (France) 45, 1801 (1984); Y. F. Sun and J .  Swift, Phys. Rev. A33, 

1172 (1984). 

2735 and 2740 (1986). 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
01

 1
9 

Fe
br

ua
ry

 2
01

3 




